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Abstract 

In this work the most widely used models applied for mathematical representation of the 

solubility data of pharmaceutical compounds in binary solvents were briefly reviewed. Then the 

utilizing SPSS software for solubility data modeling with some well-known mathematical models 

such as the van’t Hoff, the Apelblat, the combined nearly ideal binary solvent/Redlich-Kister, 

Jouyban-Acree and the Jouyban-Acree-van’t Hoff, the modified Wilson, and the λh is described 

as a video file. The video is prepared in two parts. The first part is a general explanation of 

solubility and the need for modeling these data. The second part is about how to use SPSS 

software for data modeling with the mentioned models.  
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Introduction 

Mathematical modeling is a concept that involves the use of mathematical techniques and tools 

to represent, analyze, validate and understand real-world systems, processes, or phenomena. It 

is an interdisciplinary field that combines elements of mathematics, experimental sciences, and 

engineering to develop models that help us gain insights, make predictions, and optimize various 

aspects.1 Mathematical modeling philosophy comprises several key aspects, each contributing to 

the development of accurate and insightful models. These aspects are data validity, model 

simplicity, interpretability, and closeness to theoretical concepts. Data validity is essential for 

ensuring that the models are built upon reliable and accurate information. Techniques such as 

data cleaning, outlier detection, and statistical tests help to maintain data validity, which is crucial 

for developing models that can make accurate predictions and provide meaningful insights.2-4 

Model simplicity focuses on creating models that are easy to understand, interpret, and solve. 

Simplifying a model allows researchers to concentrate on the essential features and relationships 

between variables, particularly when dealing with complex systems. Interpretability is another 

crucial aspect of mathematical modeling, as it enables researchers to understand and explain the 

model's results and predictions in a clear and meaningful way. Interpretable models help to 

identify key factors influencing the system's behavior, understand relationships between 

variables, and make informed decisions based on these insights.5  

Lastly, the closeness of a mathematical model to theoretical concepts ensures that it is grounded 

in relevant principles and ideas from the field it represents. This principle guarantees that the 

model incorporates essential features and relationships between variables, leading to more 

accurate and reliable predictions. By adhering to established theories and concepts, researchers 
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can develop models that reflect the true nature of the system being studied, facilitating the 

integration of new findings and advancements in the field.6 

When developing a model, it is crucial to consider various factors to ensure its effectiveness and 

suitability for the given problem. One of the primary aspects to focus on is the availability and 

quality of valuable data. The data used should be representative of the real-world situation and 

collected through reliable sources, as it directly impacts the model's performance and accuracy.7-

11 Another essential consideration is the computational simplicity of the model. In scenarios 

where large datasets or real-time applications are involved, it is vital to minimize the 

computational requirements of the model. This can be achieved by employing simpler 

mathematical operations and algorithms that do not consume excessive computational 

resources.12 The nature of the model, such as white box, grey box, or black box, also plays a 

significant role in its application. White box models provide complete transparency into the inner 

workings, making them suitable for applications where understanding the underlying processes 

is essential. Grey box models offer partial transparency, combining both known and unknown 

elements, and are useful when some parts of the system are well-understood while others are 

not. Black box models are entirely opaque, focusing on the input-output relationship, and are 

widely used in machine learning and artificial intelligence applications where the exact inner 

workings are not crucial.13 It should be noted that applications of the artificial intelligence based 

methods on solubility data attracted more and more attentions in recent years.14-18 These 

methods are proving highly effective at predicting chemical solubility, often surpassing 

traditional models. For instance, Cui et al.19 used a deep neural network on 10,000 compounds 

to predict solubility in solvent mixtures. Other advancements include Transformer architectures 
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for SMILES string canonicalization 20 and a Bidirectional LSTM for physical property predictions.21 

Beyond these, artificial neural networks have been applied to pharmaceutical solubility,22, 23 

while studies comparing graph neural networks, random forests, and ensemble methods 24-28 

underscore machine learning's versatility in providing accurate, industrially relevant solubility 

predictions. However, these models will not be discussed in this work.  

Besides what has been mentioned, it is essential to determine whether the model should be 

linear or non-linear, depending on the nature of the relationship between input and output 

variables. Linear models assume a linear relationship, making them suitable for problems with 

clear cause-and-effect relationships. In contrast, non-linear models do not assume a linear 

relationship, allowing for more complex and diverse relationships, and making them ideal for 

real-world problems exhibiting intricate patterns and behaviors.29 By considering these factors, 

one can create a model that accurately represents the system and is efficient in terms of 

computation and performance.  

Mathematical modeling plays a crucial role in understanding complex processes and phenomena 

by providing a structured framework to represent and analyze real-world situations. By 

considering the mechanism analysis of a process, one can gain insights into the underlying 

principles governing the system, which helps in developing more accurate and reliable models. 

Mechanism analysis involves breaking down a process into its constituent components and 

understanding their interactions. This allows to identify key variables and relationships that 

influence the system's behavior.30 Moreover, data fitting is an essential aspect of mathematical 

modeling, as it helps to validate the model's assumptions and parameters. It also assesses the 

quality and reliability of data by examining how well the chosen model fits the data and predicts 
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new observations. This process helps to identify potential issues such as outliers, missing values, 

or inconsistencies. To handle outliers, statistical tests like the t-test or F-test are used. For 

instance, the t-test can help determine whether a data point is significantly different from the 

rest of the data, and if it is, one may choose to remove it or repeat the data collection to ensure 

more precise results. In summary, by comparing the model's predictions with actual data, one 

can assess the model's accuracy and make necessary adjustments. This iterative process ensures 

that the model is a good fit for the observed data, thereby increasing its reliability for future 

predictions, which is the primary objective of mathematical modeling for un-measured data. The 

prediction process involves using the established model to extrapolate outcomes for variables 

that have not been directly measured or observed.31 By doing so, one can gain valuable insights 

into the system's behavior under different conditions and make informed decisions based on 

these predictions. These techniques are particularly useful in understanding complex systems 

and processes, such as the solubility field. In the pharmaceutical industry, solubility is a major 

challenge in drug development.32 According to estimates, more than half of newly discovered 

compounds are abandoned due to their low aqueous solubility. Oral administration is a common 

and popular method of drug delivery due to its ease of administration, high patient acceptance, 

affordability, and reduced need for sterile conditions. As a result, most pharmaceutical 

companies produce drugs in oral forms. However, designing oral pharmaceutical forms poses a 

significant challenge due to the low bioavailability of drugs. Bioavailability is influenced by several 

factors, including dissolution rate, solubility, drug permeability, and drug metabolism before 

entering the bloodstream. Among these factors, low aqueous solubility and low permeability are 

the primary reasons for the low bioavailability of drugs.33 In order to optimize bioavailability, it is 
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essential to measure the solubility of drug candidates as early as possible in the discovery process 

using established methods for solubility determination including manual methods34 and 

smart/synthetic methods.35  

Beyond experimental determinations of solubility, computational models based on 

thermodynamic principles can be employed to predict solute solubility in the mixed solvents. 

These models can be classified into two distinct categories: (1) theoretical models and (2) semi-

theoretical models.36 Theoretical models are valuable tool for elucidating the underlying 

solubility behavior in the mixed solvents, while semi-theoretical models are more effective in 

interpolating experimental data. Theoretical models, also known as predictive models, are 

advantageous in that they can generate solubility predictions without requiring any prior 

experimental data. In contrast, correlative models, which involve semi-theoretical modeling, rely 

on curve-fitting parameters to establish relationships between experimental solubility data and 

related parameters.37 Semi-theoretical models serve as the foundation for theoretical models. 

The empirical solubility models allowed for the establishment of correlations between solubility 

and some known parameters in solubility study procedures such as temperature and solvent 

composition. These correlations can then be used as a starting point for theoretical models, 

which aim to explain the underlying physical mechanisms that govern solubility behavior.  

The main aim of this work is to explain some well-known mathematical models such as the van’t 

Hoff, the Apelblat, the combined nearly ideal binary solvent/Redlich-Kister (CNIBS/R-K), Jouyban-

Acree and the Jouyban-Acree-van’t Hoff, the modified Wilson, and the λh which commonly used 

for solubility data correlation in the literature. Besides these explanations, a supplementary video 

file provides a comprehensive, step-by-step guide on how to utilize SPSS software to develop and 
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apply these models for solubility data analysis.  

 

Protocol 

Principal of the mathematical linear models for solubility data 

van’t Hoff equation 

The van't Hoff equation is a mathematical model that relates the change in solubility of a solute 

to the change in temperature. It is widely used to understand the behavior of solutes in different 

solvents and to predict their solubility in a given solvent at various temperatures. By applying this 

equation, one can gain insights into the thermodynamic processes driving solute dissolution.38 

The general form of the model is as: 

ln𝑥 = 𝐴 +
𝐵

𝑇
            (1)  

The coefficients of the model are A and B. 

 

The Apelblat equation 

The non-linear relationship between ln xT and temperature was also modeled using the three-

parameter Apelblat equation. This model provides a more accurate fit over wide temperature 

ranges than the van't Hoff equation.38 This equation is written as: 

ln𝑥 = 𝐴 +
𝐵

𝑇
+ 𝐶 ln(𝑇)          (2)  

here A, B, and C are equation parameters. 

 

The CNIBS/R-K model 
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The CNIBS/R-K model is a multi-linear cosolvency model to describe the solubility behavior of a 

solute in binary solvent mixtures at an isothermal condition. The model combines the concept of 

ideal binary mixing, which assumes that the solvent mixture behaves as a single solvent with ideal 

properties with the Redlich-Kister equation, which is a mathematical expression used to describe 

the non-ideal behavior of the solutions. The model is particularly useful for predicting the 

solubility of a solute in binary solvent mixtures at a specific temperature, as it takes into account 

the interactions between the solute and the solvent components. The CNIBS/R-K model equation 

can be given as:39 

ln𝑥𝑚 = 𝑤1ln𝑥1 + 𝑤2ln𝑥2 + 𝑤1𝑤2 ∑ 𝑆𝑖(𝑤1 − 𝑤2)𝑖2
𝑖=0      (3) 

where 𝑥1and 𝑥2 are mole fraction solubilities of a studied solute in mono-solvents 1 and 2, 𝑥𝑚 is 

the solute solubility in the binary mixtures, and 𝑤1 and 𝑤2 are mass fractions of solvent 1 and 

solvent 2 in the absence of the solute. The 𝑆𝑖 terms are the model parameters. 

 

Jouyban-Acree model 

The Jouyban-Acree model includes an additional term that take into account the effects of 

temperature on solubility. It is often referred to as a "temperature-dependent" model, as it 

incorporates temperature-dependent terms in addition to solvent composition terms that allow 

for more accurate predictions of solubility values over a range of temperatures and solvent 

compositions.40 The model is: 

ln𝑥𝑚,𝑇 = 𝑤1ln𝑥1,𝑇 + 𝑤2ln𝑥2,𝑇 +
𝑤1𝑤2

𝑇
∑ 𝐽𝑖(𝑤1 − 𝑤2)𝑖2

𝑖=0       (4) 

In which x1,T and x2,T are mole fraction drug solubilities in the mono-solvents 1 and 2, xm,T is the 

drug solubility in the solvent mixture at temperature T. The Ji parameters are obtained by linear 



   

8 
 

regression analysis of ln𝑥𝑚,𝑇 − 𝑤1ln𝑥1,𝑇 − 𝑤2ln𝑥2,𝑇 against 
𝑤1𝑤2

𝑇
, 

𝑤1𝑤2(𝑤1−𝑤2)

𝑇
, 

𝑤1𝑤2(𝑤1−𝑤2)2

𝑇
. 

 

Jouyban-Acree-van’t Hoff model 

By integrating the Jouyban-Acree and van't Hoff models, the strengths of both models are 

combined and provide a more comprehensive understanding of the complex interactions 

between solutes and solvents, allowing for more precise predictions and correlations. The 

general form of the Jouyban-Acree-van't Hoff equation is given by:40 

ln𝑥𝑚,𝑇 = 𝑤1 (𝐴1 +
𝐵1

𝑇
) + 𝑤2 (𝐴2 +

𝐵2

𝑇
) +

𝑤1𝑤2

𝑇
∑ 𝐽𝑖(𝑤1 − 𝑤2)𝑖2

𝑖=0     (5) 

A1, B1, A2 and B2 are the van’t Hoff model’s constants (intercept and slope) obtained by plotting 

ln𝑥𝑚,𝑇 against 1/T in the mono-solvents at various temperatures. Ji terms are computed using 

linear regression of (ln𝑥𝑚,𝑇 − 𝑤1 (𝐴1 +
𝐵1

𝑇
) − 𝑤2 (𝐴2 +

𝐵2

𝑇
))  vs  

𝑤1.𝑤2

𝑇
, 

𝑤1.𝑤2(𝑤1−𝑤2)

𝑇
, 

and  
   𝑤1.𝑤2(𝑤1−𝑤2)2

𝑇
. 

Principal of the mathematical non-linear models for solubility data 

The modified Wilson model 

The modified Wilson is a non-linear model used to describe the solubility of a solute in a binary 

mixture of solvents at a given temperature. It is an extension of the original Wilson equation. The 

modified Wilson equation takes into account the non-linear behavior of the solubility curve. This 

non-linearity is particularly important when dealing with binary mixtures of solvents, as the 

solubility of a solute can be affected by both the composition of the solvent and the 

temperature.41 This model is as: 

−ln𝑥𝑚 = 1 −
𝑤1(1+ln𝑥1)

𝑤1+𝑤2𝜆12
−

𝑤2(1+ln𝑥2)

𝑤1𝜆21+𝑤2
        (8) 
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𝜆12 and 𝜆21 are the equation parameters. 

 

λh equation 

An additional non-linear model for fitting solubility data is the λh equation, also known as the 

Buchowski-Ksiazczak equation, which can be employed to predict solubility in binary mixed 

solvents at a constant temperature.42 The equation like other solubility models take into account 

the non-ideal behavior of the solvent and the interactions between the solute and the solvent 

molecules. The model is given as: 

ln [1 +
𝜆(1−𝑥)

𝑥
] = 𝜆ℎ [

1

𝑇
−

1

𝑇𝑚
]         (9) 

where λ and h are the model parameters and Tm is the solute’ melting point.  

Discussion 

To model solubility data with a mathematical model, different software tools such as MATLAB, 

R, Excel, Python, SPSS, Mathcad, etc. can be used. Each of these software tools has its own 

strengths and weaknesses, and the choice of which one to use ultimately depends on the specific 

needs of the project and the user's familiarity with the software. Herein, we explain the details 

of the computations on the solubility of deferiprone in polyethylene glycol 400 + 2-propanol 

mixtures at various temperatures using SPSS software which was previously published by own 

research group.43 To utilize SPSS software for modeling solubility data with various mathematical 

models, it needs to start by preparing the data. This includes importing the dataset into SPSS and 

ensuring that it includes the necessary variables, such as solubility as the dependent variable and 

temperature and solvent mass fraction as the independent variables. Additionally, other 

variables that could be relevant to the specific model must be added to a .sav file. A .sav file is a 
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file format used by SPSS to store data. It is also important to note that certain models may require 

additional steps or transformations of the data before fitting. For example, it may need to log-

transform temperature or solubility values before fitting certain models. After selecting the 

model, the SPSS regression module is used to fit the model to the dataset. This involves entering 

the model equation into the "Model" field, specifying the dependent and independent variables, 

and running the analysis. After running the analysis in SPSS, an output file is created. The output 

file provides a summary of the results, including the estimated coefficients, R-squared value, F-

statistic, residual plots and other descriptions which are defined in the corresponding syntax file. 

A syntax file (or .SPS) is a text file that contains SPSS commands or instructions that can be 

executed to perform specific tasks or analyses.  

When evaluating the results of the analysis, one may want to examine the output to determine 

if the model is a good fit for the data. This includes checking the residual errors by computation 

of the mean relative deviation (MRD %) of back-calculated data for evaluating the accuracy of 

these models. The original form of the equation is as:  

%𝑀𝑅𝐷 =
100

𝑁
∑(

|𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒−𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑣𝑎𝑙𝑢𝑒|

𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑣𝑎𝑙𝑢𝑒
)       (10) 

N is the number of data points. 

In an ideal mode, the accuracy criterion for a correlative model should be close to zero, indicating 

that the data perfectly fit the model. However, in practice, this is rarely achieved due to 

experimental and measurement errors associated with the data, which typically result in a value 

greater than zero.44 A more realistic approach may be to consider the accuracy criterion within 

the range of uncertainty values for repeated experiments (typically 1-10%).36 However, in most 

of the works, MRD%<30% was considered as a relatively acceptable error for data modeling 
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procedures.  

Once it is determined that the model is a good fit for investigated data, you can interpret the 

results to understand the relationship between the dependent variable (such as solubility in this 

work) and the independent variables (such as temperature and solvent mass fraction in this 

work). The estimated coefficients obtained from the running regression in SPSS can be used to 

provide a set of numerical values that represent the relationships between the variables in the 

studied model. These coefficients are used to quantify the magnitude and direction of the 

relationships between the independent variables and the dependent variable. For example, if the 

estimated coefficient for a particular independent variable is 0.5, it means that for every one-

unit change in that independent variable, the dependent variable is expected to change by 0.5 

units, while holding all other independent variables constant. This coefficient can be used to 

generate a predictive model that can be used to forecast the value of the dependent variable for 

new observations. Additionally, the estimated coefficients can be used to evaluate the relative 

importance of each independent variable in explaining the variation in the dependent variable, 

allowing us to identify which variables are most influential in shaping the outcome. The 

coefficient of a valid model could also be calculated using a minimum number of experimental 

solubility data which is a valuable strategy in early stages of drug discovery/development where 

small amount of the drug-candidate is available and lots of tests should be done.   

By replacing the estimated coefficients in the general form of the studied equation, a predictive 

model can be created that can be used to estimate the value of the dependent variable for new 

observations. This model can be represented as a mathematical equation, where each 

independent variable is multiplied by its corresponding coefficient and added together to 
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produce a predicted value for the dependent variable.  

Conclusion  

The attached video provides a step-by-step guide to the entire explained process, from data 

preparation to model interpretation. The video proceeds to demonstrate the use of SPSS 

software, to perform the regression analysis, including the estimation of coefficients and the 

calculation of various diagnostic statistics. The video also provides a detailed explanation of how 

to interpret the results, including the meaning of the estimated coefficients and how to use them 

to make predictions. By following along with the video, viewers can gain a comprehensive 

understanding of the regression analysis process and how to apply it to their own solubility data.  
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